Abstract. We study the relaxation times for a parabolic differential equation whose solution represents the atom dislocation in a crystal. The equation that we consider comprises the classical Peierls-Nabarro model as a particular case, and it allows also long range interactions.
Introduction
In this paper we consider a function v ε (t, x), which depends on the time variable t 0 and the space variable x ∈ R, and which represents the atom dislocation in a crystal (in this setting, the small parameter ε > 0 represents the size of the periodicity of the crystal).
The evolution of v ε (t, x) is governed by a parabolic equation of nonlocal type, in which the variation of v ε in time is produced by an elastic, or ferromagnetic, effect and is influenced by the periodic structure of the crystal at a large scale. These types of equations have been widely studied after the pioneer work of Peierls and Nabarro (see e.g. [10, 8] and the references therein). Moreover, some generalizations of the original model of Peierls and Nabarro have been recently considered to take into account long range interactions with different scales (see [4, 3] ) and the system can also be linked to the classical model at the atomic scale which was introduced by Frenkel and Kontorova (see [6] ). Different space/time scale of the model also produce homogenization results, whose effective Hamiltonian depends on the scaling properties of the operator (in particular, this Hamiltonian may present either local or nonlocal features, see [9, 13] ).
For small ε, the dislocation function v ε approaches a piecewise constant function (see [8, 4, 3, 12] ). The plateaus of this asymptotic limit correspond to the periodic sites induced by the crystalline structure, but its jump points evolve in time, according to the external stress and a singular potential. Roughly speaking, one can imagine that the discontinuity points of this limit dislocation function behave like a "particle" system (though no "material" particle is really involved), driven by a system of ordinary differential equations which describe the position of the jump points x 1 (t), . . . , x N (t).
We refer to Section 2 in [4] for a discussion of the link between the integro-differential equation which governs the evolution of the dislocation function v ε and the system of ODE's which drives the particles x 1 , . . . , x N . Remarkably, the physical properties of the singular potential of this ODE system depend on the orientation of the dislocation at the jump points. Namely, if the dislocation function has the same spatial monotonicity at x i and x i+1 , then the potential induces a repulsion between the particles x i and x i+1 . Conversely, when the dislocation function has opposite spatial monotonicity at x i and x i+1 , then the potential becomes attractive, and the two particles may collide in a finite time T c . In formulas, in the collision case we have that x i (t) = x i+1 (t) for any t ∈ [0, T c ), with Often, we will use the notation x i (T c ) = x i+1 (T c ) to denote the collision described by (1.1).
At the collision time T c , the dislocation function does not get annihilated. More precisely, it asymptotically vanishes outside the collision point x c , but, in general, lim sup t→T − c ε→0 + v ε (t, x c ) 1.
Roughly speaking, this suggests that the dislocation function keeps some nontrivial effect after the collision time (notice indeed that, since the jump points x i do not correspond to a "material" particle, the evolution of the dislocation function v ε persists even after the collision time T c ).
The objective of this paper is therefore to study the behavior of the dislocation function after the collision time T c . We will prove that there exists a transition time T ε (with T ε > T c , and T ε → T c as ε → 0 + ) such that, when t T ε , the dislocation function decays to the steady state exponentially fast in time, uniformly with respect to the space variable.
More precisely, we will consider here the case of two and three particles and show that the limit configuration of v ε is either a constant (in the case of two particles) or a heteroclinic (in the case of three particles). We show that at the time T ε the dislocation function v ε gets close to this limit configuration, and, for t T ε , the dislocation approaches the limit exponentially fast.
This exponential decay may be explicitly quantified via the expression (1.2) e
We also stress that such exponential decay is not obvious from the beginning. On the contrary, solutions of integro-differential equations in general present a polynomial (and not an exponential) tail, see e.g. [11] , and also in our case the transitions considered have only a polynomial decay in the space variables. In a sense, the exponential decay in (1.2) is a consequence of the fact that, at the right space/time scale, the integro-differential operator acts only in the space coordinates, allowing the time derivative (which is a local operator) to recover the exponential decay of classical flavor.
For the formal mathematical treatment of this model, we introduce the following notation. We consider the problem
where ε > 0 is a small scale parameter, W is a periodic potential and I s is the so-called fractional Laplacian of any order 2s ∈ (0, 2). Precisely, given ϕ ∈ C 2 (R N ) ∩ L ∞ (R N ), let us define
where P V stands for the principal value of the integral. We refer to [14] and [5] for a basic introduction to the fractional Laplace operator. On the potential W we assume 
From the viewpoint of physics, W represents the potential produced by the periodicity of the crystal at a large scale and σ is an external forcing term (see [4] for a more detailed discussion). In this paper we consider the case in which the initial condition in (1.3) is a superposition of either two or three transition layers with different orientation. Precisely, let us introduce the so-called basic layer solution u associated to I s , that is the solution of
This is the basic transition layer that we will use to construct our initial data. Namely, we will consider in this paper two types of initial data. The first case deals with the superposition of two transition layers with opposite orientations: in this case the points associated with the transitions attract each other, a collision occurs and slightly after collision the system goes to rest exponentially fast. The second situation considers three transition layers with alternate orientations: in this case, the middle point is attractive for the two external ones, a collision (possibly, a multiple collision) occurs and after a short transient time the system approaches exponentially fast the steady state given by a single transition layer. These results will be rigorously presented in the forthcoming Subsections 1.1 and 1.2.
1.1. The case of two transition layers. Given x 0 1 < x 0 2 let us consider as initial condition in (1.3)
where
and u is solution of (1.7). Let us introduce the solution (x 1 (t), x 2 (t)) to the system (1.10)
, where
, and (0, T c ) is the maximal interval where the system (1.10) is well defined, i.e. x 1 (t) < x 2 (t) for any t ∈ [0, T c ) and
In general, it may happen that T c = +∞, i.e. no collision occurs. On the other hand, it can be shown that when either the external stress is small or the particles are initially close to collision, then T c < +∞. More precisely, in [13] we proved that if the following condition is satisfied
, then the collision time T c is finite.
In the setting of finite collision time, we prove here that the dislocation function v ε , after a time T ε , which is only slightly larger than the collision time T c , becomes small with ε. The precise result goes as follows: Theorem 1.1. Assume that (1.5), (1.6), (1.8) hold and T c < +∞. Let v ε be the solution of (1.3)-(1.8). Then there exists ε 0 > 0 such that for any ε < ε 0 there exist T ε , ε > 0 such that
The result above can be made precise by saying that, if the system is not subject to any external stress, then the dislocation function v ε decays in time exponentially fast. More precisely, we have: Theorem 1.2. Assume that (1.5), (1.6), (1.8) hold and that σ ≡ 0. Let v ε be the solution of (1.3)-(1.8). Then there exist ε 0 > 0 and c > 0 such that for any ε < ε 0 we have
, for any x ∈ R and t T ε ,
where T ε and ε are given in Theorem 1.1.
The evolution of the two particle system and of the associated dislocation function, as obtained in Theorems 1.1 and 1.2, is described in Figure 1 . 1.2. The case of three transition layers. Next, we consider the case in which the initial condition in (1.3) is a superposition of three transition layers with different orientation. Precisely, let ζ 1 = 1,
where β is given by (1.9) and u is solution of (1.7). Let us introduce the solution (x 1 (t), x 2 (t), x 3 (t)) to the following system: for i = 1, 2, 3
where γ is given by (1.11) and T c is the collision time of system (1.15), i.e.
x i+1 (t) > x i (t) for any t ∈ [0, T c ) and i = 1, 2
and there exist i 0 such that
The first result that we prove in the three particle case is the analogue of Theorem 1.1. That is, we show that after some time that is just slightly bigger than the collision time, the dislocation function becomes comparable, up to a small error, with the associated steady state. The case of three particles is, on the other hand, different from the case of two particles, since the steady state associated with the case of three particles is the heteroclinic (and not the trivial function as in the case of two particles).
This phenomenon may be, roughly speaking, explained by the fact that in case of two particles, the collision of the two particles "annihilate" all the dynamics, nothing more is left and the system relaxes to the trivial equilibrium. Conversely, in the case of three particles, one has that two particles "annihilate" each other, but the third particle "survives", and this produces a jump in the dislocation function -indeed, these "purely mathematical" particles correspond to an excursion of the dislocation, from two equilibria, which is modeled by the standard transition layer in (1.7). The precise result is the following: Theorem 1.3. Assume that (1.5), (1.6), (1.8) hold and T c < +∞. Let v ε be the solution of (1.3)-(1.14). Then there exists ε 0 > 0 such that for any ε < ε 0 there exist
where u is the solution of (1.7).
Next result is the analogue of Theorem 1.2 in the three particle setting. Roughly speaking, it says that, after a small transition time after the collision, the dislocation function relaxes towards the standard layer solution exponentially fast. The formal statement is the following: Theorem 1.4. Assume that (1.5), (1.6), (1.8) hold and that σ ≡ 0. Let v ε be the solution of (1.3)-(1.14). Then there exist ε 0 > 0 and µ > 0 such that for any ε < ε 0 there exists
, for any x ∈ R and t T 
, for any x ∈ R and t T 2 ε where T 1 ε , T 2 ε , ε , y ε and z ε are given in Theorem 1.3 and u is the solution of (1.7). Corollary 1.5. Under the assumptions of Theorem 1.4, there exists ε 0 > 0 such that for any ε < ε 0 , there exist a sequence t k → +∞ as k → +∞, and a point x ε ∈ R with
where y ε , z ε , K ε and ε are given in Theorem 1.3 and u is the solution of (1.7).
The results of Theorems 1.3 and 1.4 and Corollary 1.5 are represented in Figure 2 , where we sketched the evolution of the dislocation function and of the associated particle system in the case of three particles with alternate orientations. It is worth to point out that the case of three particles provides structurally richer phenomena than the case of two particles. Indeed, in the case of three particles we have two different types of collision: simple and triple. The simple collision occurs when only two particles collide at time T c , i.e., either
In the triple collision case, the three particles collide together and simultaneously, i.e.
In [12] , we proved that if σ ≡ 0, then for any choice of the initial condition (x The proofs of the results in the three particle setting will have to take into account the distinction between simple and triple collisions (on the one hand, the simple collision is "more generic" and less singular, on the other hand, the triple collision case has the technical advantage of concentrating all the relevant phenomena of the dynamics at just a single point).
The rest of the paper is organized as follows. In Section 2 we discuss the basic properties of the basic transition layer and of the solution of a corrector equation. The main results of this paper (that are Theorems 1.1, 1.2, 1.3 and 1.4, and Corollary 1.5) are proved in Sections 3, 4, 5, 6 and 7.
The proof of the main results rely on some auxiliary lemmata which can be proved simultaneously in the case of two particles and in the case of three particles: for this reason, the proof of all these common results is postponed to Section 8.
Preliminary observations
2.1. Toolbox. In this section we recall some general auxiliary results that will be used in the rest of the paper. In what follows we denote by H the Heaviside function.
Lemma 2.1. Assume that (1.5) holds, then there exists a unique solution u ∈ C 2,α (R) of (1.7). Moreover, there exist constants C, c > 0 and κ > 2s (only depending on s) such that
Proof. The existence of a unique solution of (1.7) is proven in [1] , see also [11] . Estimate (2.1) is proven in [8] for s = 1 2 and in [4] , [3] respectively for s ∈ . Finally, estimate (2.2) is shown in [1] .
Next, we introduce the function ψ to be the solution of (2.3)
where u is the solution of (1.7) and
For a detailed heuristic motivation of equation (2.3), see Section 3.1 of [8] . For later purposes, we recall the following decay estimate on the solution of (2.3):
Lemma 2.2. Assume that (1.5) holds, then there exists a unique solution ψ to (2.3).
for some α ∈ (0, 1) and there exists C > 0 such that for any x ∈ R (2.5)
Proof. The existence of a unique solution of (2.3) is proven in [8] for s = 1 2 and in [4] , [3] respectively for s ∈ 1 2 , 1 and s ∈ 0, 1 2 . Estimate (2.5) is shown in [13] .
Proof of Theorem 1.1
This section is devoted to the completion of the proof of Theorem 1.1. Some arguments presented will be valid also for the case of three particles. Therefore, to make the arguments shorter, we state these auxiliary results in the course of the proof and we postpone their proof to Section 8 (in that occasion, we will then prove in a single step the results needed for both the cases of two and three particles).
The proof of Theorem 1.1 is based on the construction of auxiliary barriers for the dislocation function and in a careful use of the maximum principle. Roughly speaking, when we are close to the collision time, we can take a transition layer that goes "upwards" (respectively, "downwards") and place it a bit to the left (respectively, right) with respect to the collision point, and use them as barriers to control the original behavior of the dislocation function.
Of course, to make this argument rigorous, one has to control the small errors produced by the fact that the particle dynamics is only an approximation of the motion of the level sets of the dislocation function, and by all possible error terms that a nonlocal equation could, in principle, propagate.
Thus, to complete the proof of Theorem 1.1 we consider an auxiliary small parameter δ > 0 and define (x 1 (t), x 2 (t)) to be the solution of the system (3.1)
where T δ c is the collision time of the perturbed system (3.1), see Figure 3 . Figure 3 : The geometry involved in system (3.1).
Since x 1 (t) < x 2 (t) for any t ∈ [0, T δ c ), system (3.1) can be rewritten in the following way
Roughly speaking, the intention of this δ-perturbation is to place the particle x 1 "slightly to the left" with respect to the original particle x 1 , and the particle x 2 "slightly to the right" with respect to the original particle x 2 . This slight modification will allow to center some auxiliary transition layers in x 1 and x 2 and use them as barriers (as a matter of fact, this technique requires a small additional adjustment via the corrector ψ introduced in (2.3), so the reader has to wait till formula (3.10) for the rigorous introduction of the correct barrier). The role of the additional δ-perturbation is, in a sense, to "desingularize" the problem at the collision time: that is, while the original problem experiences a collision at time T c , the perturbed problem is still nonsingular and it can provide two-side bounds on the original dislocation function.
In order to measure the distance between the perturbed particles x 1 and x 2 , we also denote
and
and ϑ(T δ c ) = 0. Now we show that the error due to the δ-perturbation is small if so is δ: Proposition 3.1. Let (x 1 , x 2 ) and (x 1 , x 2 ) be the solution respectively to system (1.10) and (3.2). Let T c < +∞ and T δ c be the collision time respectively of (1.10) and (3.2). Then we have
and for i = 1, 2
The proof of Proposition 3.1 is postponed to Section 8. Next result is a technical observation about the Hölder regularity of a function. Namely, to prove that a function is Hölder continuous, it is enough to check that a power of the function is Lipschitz continuous.
Proof. For any t > 0, we set
We observe that (1 + t)
β for small t and so, since β > 1,
Accordingly, we have that
Now we show that f ∈ C α (Ω). Since g is bounded, so is f , thus we only need to control the Hölder seminorm of f . For this, if the Lipschitz seminorm of g is bounded by L, we claim that, for every x, y ∈ Ω,
To prove (3.7), we fix x, y ∈ Ω and we suppose, without loss of generality, that f (x) f (y). In addition, if f (y) = 0, we have that also g(y) = 0 and then
which implies (3.7) in this case. As a consequence, we can also suppose that f (y) > 0. Then also g(y) > 0 and we can define
.
By construction t 0 and
Accordingly,
which implies (3.7).
Now we exploit Lemma 3.2 to obtain the Hölder continuity of the function ϑ which was introduced in (3.3). T . Then from (3.4) we infer that for any
Next, again from (3.4) we see that the function
Using that σ is bounded and (3.8), we get
where C does not depend on δ. Therefore υ is Lipschitz continuous in [0, T δ c ] uniformly in δ. The conclusion of the proposition then follows from Lemma 3.2.
Next, we set
Let u and ψ be respectively the solution of (1.7) and (2.3). We define
The next two results show that, choosing conveniently δ = δ ε in (3.2), the function v ε , defined in (3.10), is a supersolution of (1.3) provided that x 1 and x 2 are far enough. 
is a solution of the ODE system (3.2) with δ δ ε , then the function v ε defined in (3.10) satisfies
Then there exists ε 0 > 0 such that for any ε < ε 0 and δ ε given by Proposition 3.4, if (x 1 , x 2 ) is the solution to system (3.2) with δ = δ ε , then the function v ε defined in (3.10) satisfies
The proof of Proposition 3.4 and Lemma 3.5 is postponed to Section 8. Now we consider the barrier function v ε defined in (3.10), where (x 1 , x 2 ) is the solution of system (3.2) in which we fix δ = δ ε , with δ ε given by Proposition 3.4. For ε small enough, since T 
ε , where ϑ ε was fixed by Proposition 3.4.
Then by Proposition 3.4 and Lemma 3.5, we have that v ε is a supersolution of (1. T < T c .
Then by Proposition 3.3 and (3.11)
for some C > 0 and α ∈ (0, 1) independent of ε. This and (3.6) imply that ϑ(T ) = 0 which is in contradiction with (3.14). Thus (3.13) is proven. Next, to conclude the proof of Theorem 1.1, we are going to show that starting from T 1 ε , after a small time t ε , the function v ε satisfies (3.15) v ε (t, x) ε for some ε = o(1) as ε → 0. For this scope, we denote . For this aim let us introduce the following further perturbed system, forδ > δ ε (3.17)
2 + Kϑ ε , for some K > 1 to be chosen, see Figure 4 . Figure 4 : The geometry involved in system (3.17).
Roughly speaking, the idea behind the system in (3.17) is that at time T 1 ε , also the δ-perturbed particles x 1 and x 2 that were introduced in (3.1) are close to collision. Nevertheless, these particles are "only" ϑ ε -close to collision, with ϑ ε small, but still much larger than ε, thanks to Proposition 3.4. Since the excursion in the transition layers is scaled by ε, one can still hope to "desingularize" these ϑ ε -collisions. For this, it is useful to consider the "asymmetric" picture introduced in (3.17), in which the "left particle" is moved to the left by ϑ ε , while the "right particle" is moved to the right by a large multiple of ϑ ε . In this way the "middle point" between the new particlesx 1 andx 2 introduced in (3.17) ends up to the right of the collision point of the particles x 1 and x 2 that were introduced in (3.1) (a formal statement will be given in Lemma 3.7). With this construction, the "tail" of the dislocation associated to the new particlesx 1 andx 2 ends up "above" the main bump of the dislocation corresponding to the particles x 1 and x 2 . Therefore, using the decay of the dislocation tail, the main bump of the dislocation corresponding to the particles x 1 and x 2 will be proved to be small.
Of course, several technicalities arise when making the above argument rigorous. For this scope, we set
We definev
where again u and ψ are respectively the solution of (1.7) and (2.3). With this notation, we are in the position to estimate the modified dislocation v ε at time T
The proof Lemma 3.6 is postponed to Section 8. Now we deduce some geometric consequence from Lemma 3.6, as depicted in Figure 5 and rigorously presented in the subsequent Lemma 3.7. 
Then there exists K > 1 and ε 0 > 0 such that for any ε < ε 0 the solution (x 1 ,x 2 ) to system (3.17) satisfies
and for any t ∈ [0, t ε ]
Proof. Let us denoteθ (t) :=x 2 (t) −x 1 (t).
Thenθ(t) is solution of
Moreoverθ is a subsolution of the equation
, sinceθ cannot touch ϑ s , its derivative remains negative. Hence for t > 0
Now, (3.17) and (3.24) imply
Let t be the time such thatx 1 (t) = x ε 2 =x 1 (0) + 2ϑ ε , then integrating (3.25) in (0, t) we getx
where t ε is defined in (3.20). Next, let τ > 0 be the time such thatθ(τ ) = ϑ ε , then for any t ∈ (0, τ ) we havė
. Integrating the previous inequality in (0, τ ), we get 1
Comparing τ with t ε defined in (3.20), we see that it is possible to choose K big enough so that τ > t ε . For such a choice of K, the monotonicity ofθ implies (3.22). Finally (3.21) is a consequence of (3.26) and the monotonicity ofx 1 . This concludes the proof of the lemma.
With the auxiliary results introduced above, we are now in the position to conclude the proof of Theorem 1.1. We consider now as barrier the functionv ε defined in (3.19), where we fixδ =δ ε in system (3.17), withδ ε given by Lemma 3.6, and K given by Lemma 3.7. For ε small enough, from (3.22) and Proposition 3.4, the functionv ε satisfies
Moreover from (3.12) and Lemma 3.6
The comparison principle then implies
, from (3.16), (3.21) and (3.22) we know that
Therefore, from estimate (2.1) we have
Moreover (3.22), (3.17) and (3.18) imply that
ε . Finally, from (3.19), (3.27), (3.28) and (3.29), we conclude that
The same inequality for x x
can be proven considering the system (3.17) with initial conditionx
We have proven (1.12) with T ε := T 1 ε + t ε , t ε given by Lemma 3.7 withδ =δ ε given by Lemma 3.6, and
with ϑ ε given by Proposition 3.4. Moreover from (3.13) and (3.20) we see that
and this concludes the proof of Theorem 1.1.
Proof of Theorem 1.2
We consider the function h(τ, ξ) which is solution of
From assumptions (1.5), we have that there exists ε 0 > 0 such that for any ε < ε 0 ,
Therefore, the solution h of (4.1) satisfies: h(τ, 0) ≡ 0; h(τ, ξ) is positive and decreasing in τ , if ξ ∈ (0, ε ]; h(τ, ξ) is negative and increasing in τ , if
Similarly for ξ ∈ [− ε , 0)
, where T ε is given by Theorem 1.1, is solution of the equation (1.3) for t > T ε , withh(T ε , x) = ε . Then, the comparison principle and estimate (1.12) imply
and from (4.2) we get
for any x ∈ R, t > T ε .
Finally, using (2.1), it is easy to check that the initial datum (1.8) satisfies
for any x ∈ R, therefore, we can similarly prove that
for any x ∈ R, t > T ε , and this concludes the proof of Theorem 1.2.
Proof of Theorem 1.3
We consider an auxiliary small parameter δ > 0 and define (x 1 (t), x 2 (t), x 3 (t)) to be the solution to system: for i = 1, 2, 3
where T δ c is the collision time of the perturbed system (5.1), see Figure 6 . In a sense, the system in (5.1) is the analogue, in the case of three particles, of the system that was introduced in (3.1). As in that case, the scope of (5.1) is to "remove the singularity" caused by the collision in the original system. Of course, in the case of three particles, an additional difficulty arises, since the new particles need to be moved either to the left or to the right, depending on the orientations of the original dislocations. In particular, in the case of three particles, in order to obtain bounds both by above and by below, one also needs another system with the opposite sign convention (this additional system will be introduced in formula (5.13) below).
Let us denote for
In the next result we will show that the error introduced by the δ-perturbation remains small in the trajectory and does not affect too much the collision time. The precise statement goes as follows. lim
The proof of Proposition 5.1 is postponed to Section 8 (notice that Proposition 5.1 is the generalization of Proposition 3.1 to the case of three particles: we kept the two statement separate for the sake of clarity, but the proof will consider both the cases at the same time). Now we show that the minimum between ϑ 1 and ϑ 2 is Hölder continuous: 
Then from (5.3) we infer that
Then we have Let u and ψ be respectively the solution of (1.7) and (2.3). We define
Under the appropriate choice of the parameters, the function v ε is a supersolution of (1.3)-(1.14), as next results point out:
Proposition 5.3. There exist ε 0 > 0 and ϑ ε , δ ε > 0 with ϑ ε , δ ε , εϑ −1 ε = o(1) as ε → 0 such that for any ε < ε 0 , if (x 1 , x 2 , x 3 ) is a solution of the ODE system in (5.1) with δ δ ε , then the function v ε defined in (5.8) satisfies
for any x ∈ R and any t ∈ (0, T δ c ) such that x i+1 (t) − x i (t) ϑ ε for i = 1, 2.
Lemma 5.4. Let v 0 ε (x) be defined by (1.14). Then there exists ε 0 > 0 such that for any ε < ε 0 and δ ε given by Proposition 5.3, if (x 1 , x 2 , x 3 ) is the solution to system (5.1) with δ = δ ε , then the function v ε defined in (5.8) satisfies
The proof of Proposition 5.3 and Lemma 5.4 is postponed to Section 8. We observe that Proposition 5.3 and Lemma 5.4 are the generalization, respectively, of Proposition 3.4 and Lemma 3.5 to the case of three particles (the proof presented in Section 8 will indeed work simultaneously for the cases of two and three particles). Now we consider the barrier function v ε defined in (5.8), where (x 1 , x 2 , x 3 ) is the solution to system (5.1) in which we fix δ = δ ε , with δ ε given by Proposition 5.3. For ε small enough, since T 
Without loss of generality, we may assume
From (5.1), (5.6) and (5.9), we infer that 
Moreover, since ϑ ε = o(1) as ε → 0, as in Section 3, from Propositions 5.1 and 5.2, we have
Similarly, for δ > 0, one can define (x 1 , x 2 , x 3 ) to be the solution of the system (5.13) Figure 7 . Let also
(5.14)
Then, one can prove that there exists δ ε = o(1) as ε → 0 and
In what follows, we will denote 
Proof. Let us prove (5.17). Let us first suppose that there exists k = 2, 3 such that
Then, from (5.9) for j = k
and estimate (2.1) implies
ε . Therefore, we have
ε . 
Next, if for any
for any x ∈ R, which proves (1.17) with
, and ε = Cε 2s ϑ
−2s
ε . Now, to prove (1.16), let us divide the proof in two cases, depending on whether we are in a simple or in triple collision.
5.1. Case 1: simple collision. In this case (up to renaming the particles), the first two particles gets to collision while the third one remains far enough. More precisely, let us suppose that
with M > 2 independent of ε to be determined. Let us introduce the following further perturbed system, forδ > δ ε and 1 < K < M − 1:
where Tδ c is the collision time of the system (5.21).
Roughly speaking, the idea behind the system in (5.21) is that, for simple collisions, one can adapt the technique introduced in (3.17) for the case of two collisions. That is, we can move the first particle slightly to the left and the second particle slightly to the right. As done in (3.17), the right displacement of the second particle, though small, is a large multiple of the left displacement of the first particle (this is needed to construct barriers from above). Since, in this case, the third particle is far from the collision, this construction leaves "space enough" to move the third particle slightly to the left, without producing new collisions in this procedure.
Of course, the technical details in this case are more complicated than in the case of two particles and the notation becomes somehow heavier, since it must comprise not only one additional particles, but also the different orientations of the dislocations involved. So, to make the argument rigorous, we set We definê
where again u and ψ are respectively the solution of (1.7) and (2.3).
Lemma 5.6. There exist ε 0 ,δ ε > 0 with δ ε <δ ε = δ ε + o(1) as ε → 0, where δ ε is given by Proposition 5.3, such that if (x 1 ,x 2 ,x 3 ) is the solution to system (5.21) withδ =δ ε , then the functionv ε defined in (5.24) satisfieŝ
The proof of Lemma 5.6 is postponed to Section 8. Using Lemma 5.6, we obtain the geometric consequences depicted in Figure 8 and formally described in the forthcoming Lemma 5.7. Lemma 5.7. Let
Then there exist K, M > 1 and ε 0 > 0 such that for any ε < ε 0 the solution (x 1 ,x 2 ,x 3 ) to system (5.21) satisfies (5.26)x 2 (t) −x 1 (t) is decreasing for any t > 0,
The proof of Lemma 5.7 is rather long and technical, therefore, not to interrupt the flow of ideas at this point, before giving the proof of Lemma 5.7, let us conclude the proof of Theorem 1.3 (the proof of Lemma 5.7 will then presented in detail in Subsection 5.3).
So, let K and M be given by Lemma 5.7. Let us suppose that the second inequality in (5.20) is satisfied with such a M . We consider as barrier the functionv ε defined in (5.24), where we fixδ =δ ε in system (5.21), withδ ε given by Lemma 5.6. From (5.28) and Proposition 5.3 we infer that the functionv ε satisfies
Moreover from (5.11) and Lemma 5.6
, from (5.20), (5.27) and (5.28) we know that
Moreover, from (5.28), (5.21) and (5.22), we infer that for i = 1, 2, 3
ε . Finally, from (5.24), (5.29), (5.30) and (5.31), we conclude that
A similar inequality for x x
can be proven considering the solution (x 1 ,x 2 ,x 3 ) to system (5.21) with initial condition
Therefore, for y ε = min{x 3 (t ε ),x 3 (t ε )} we have
This proves (1.16) with
ε . Recalling (5.19), from (5.5) we infer that |y ε − z ε | = o(1) as ε → 0. This concludes the proof of Theorem 1.3 in Case 1.
5.2.
Case 2: close to a triple collision. In this case, let us suppose that
where M is given by Lemma 5.7. From (5.8), (5.11), (5.10) and (5.17) we infer that for any
i.e. (1.16) with
ε . Remark that from (5.32) and (5.5) we have
This concludes the proof of Theorem 1.3 in Case 2.
It only remains to prove Lemma 5.7. We will do this in the subsequent subsection.
Proof of Lemma 5.7. Let us denote for
where (x 1 (t),x 2 (t),x 3 (t)) is the solution to system (5.21). Then, recalling (5.20), we see
Lemma 5.8. For any K > 1 there exists M > 2K + 3 independent of ε and ε 0 > 0 such that for any ε < ε 0 , (θ 1 ,θ 2 ) defined in (5.33) satisfies (5.35)θ 1 (t) θ 2 (t), for any t > 0, and (5.36)θ 1 (t) is decreasing for any t > 0.
Proof. For K > 1 and M > 2K + 3, let us denote
For fixed K, let us choose M so big and ε so small such that
We want to show that for any t > 0
From system (5.34), we infer thatθ 1 satisfies
From (5.37) we see that the right-hand side in (5.39) is negative at t = 0. We deduce that there exists T > 0, that we choose maximal, such that (5.40)θ 1 (t) 0 for any t ∈ (0, T ). 
Integrating in (0, t), we infer that for any t ∈ (0, T )
Let us call
We observe that g(0) < 0 thanks to (5.37). Thus, we want to show that
Assume by contradiction that this is not true. Then there exists t 0 ∈ (0, T ) such that
and g(t 0 ) = 0. Thenθ
On the other hand, by (5.39) and (5.43), we see thaṫ
and therefore, recalling (5.40), we conclude that t 0 < T . In particular, we can use (5.41) with t = t 0 . Thus, from (5.41) and (5.43) we infer that
This and (5.44) give
and this is in contradiction with (5.37). Therefore we have completed the proof of (5.42).
In turn, we see that ( 
Next, for fixed K satisfying (5.45), let ε be so small that
Then, from (5.21), (5.35), (5.46) and (5.49), we havė 
The previous inequality and (5.48) give
This inequality, (5.47), (5.26) and (5.35) imply (5.28). Finally, sincex 1 (t) is increasing by (5.50), (5.51) and (5.52) give (5.27 ). This completes the proof of Lemma 5.7.
Proof of Theorem 1.4
This section is devoted to the proof of Theorem 1.4. Let us consider the function
where y ε is given by Theorem 1.3. We show that h is a supersolution, as next result states: Lemma 6.1. There exist ε 0 > 0 and µ > 0, such that for any ε < ε 0 , there exists K ε = o(1) as ε → 0 such that function h defined in (6.1)-(6.2) satisfies εh t − I s h + 1 ε 2s W (h) 0 for any x ∈ R and t > 0.
Proof. We compute
, and
Under the assumptions (1.5), the function v ∞ ε is of class C 2,α (R) for some α depending of s, see for instance Lemma 5 in the Appendix of [11] . Moreover, for ε small enough, by Theorem 1.4
where u is the solution of (1.7). Inequalities (7.1) and estimate (2.1) imply that . Let us denote
Remark that
We want to show that
for any x ∈ R. From (7.2), for any 0 < a < 1 there exists k(a) ∈ R such that
for any x ∈ R. Let us denote k(a) := inf{k(a) ∈ R | (7.6) holds true}. Then, from (7.2) and a < 1, we have that k(a) is finite. Otherwise, choosing a minimizing sequence of k(a) and passing to the limit along the sequence in (7.6), we would get a contradiction. The properties of the infimum imply that
for any x ∈ R, k(a) > k(a) and there exist sequences (η j,a ) j , (x j,a ) j with η j,a 0 and lim j→+∞ η j,a = 0, such that
. We observe that (x j,a ) j must be bounded. Indeed, if lim j→+∞ x j,a = ±∞, then we would have either
for some x a ∈ R, and (7.7), (7.8) and the continuity of v ∞ ε and u ε imply
Now we claim that the sequence (x a ) a is bounded. Indeed, suppose that, up to subsequences, lim
Assumptions (1.5) on the potential imply that there exists r > 0 such that
where β = W (0) > 0. By (7.12) there exists a 0 > 0 such that both u ε (x a ) − a and u ε (x a ) belong to either [0, r] or [1 − r, 1], for any a ∈ (0, a 0 ). It follows that
and this is in contradiction with (7.11) . Thus the sequence (x a ) a is bounded and we may suppose that, up to subsequences, (7.13) lim
for some x 0 ∈ R. We also have that the sequence (k(a)) a is bounded. Indeed, if
we would obtain from (7.9) and (7.13) that, either
and this contradicts the fact that 0 < u ε (x) < 1 for any x ∈ R. Thus (k(a)) a is bounded. Accordingly, we may suppose that
for some k 0 ∈ R. Hence, passing to the limit as a → 0 + in (7.11), we conclude that
On the other hand, by passing to the limit in (7.10), we see that v ∞ ε (x + k 0 ) − u ε (x) 0 for any x ∈ R. We conclude that v ∞ ε (x + k 0 ) = u ε (x) for any x ∈ R. Recalling (7.4), we infer that k 0 = 0 and this gives (7.3) . This completes the proof of Corollary 1.5.
Proof of the results that are valid for both two and three particles
In this section we prove the results which are auxiliary to the proofs of our main theorems and which are valid for both the cases of two and three particles. These results are Propositions 3.1, 5.1, 3.4, 5.3, and Lemmata 3.6, 5.6, 5.4 and 3. 5 . In what follows we will denote by N the number of particles, then we may have either N = 2 or N = 3. We remark that the system of ODE's (3.2) can be written as (5.1) for i = 1, 2. 
for some M a independent of k. Accordingly the right-hand side of the equation in (5.1), together with its derivatives, is bounded when t ∈ [0, T c + a] by a quantity that depends on a. Therefore, we are in the position to apply the continuity result of the solution with respect to the parameter δ k . We obtain that, as k → +∞, the solution of (5.1) converges to (x 
The right-hand side of the equation in (1.15) is Lipschitz continuous when t ∈ [0, T c − τ ] and x i m τ . Uniqueness results then imply that x i (t) = x ∞ i (t) for any t ∈ [0, T c − τ ) and i = 1, . . . , N which is in contradiction with (8.2) . This proves (5.4).
Next, from (5.4) we infer that for any a > 0 we have
with m a independent of δ, and (5.5) is then a consequence of continuity result of the solution of (5.1) with respect to the parameter δ. With this, we have proved Propositions 3.1 and 5.1.
Proof of Propositions 3.4 and 5.3.
In order to simplify the notation, we set, for
where H is the Heaviside function and
Finally, let
Roughly speaking, the quantity I ε denotes the error term in this equation (i.e., how far the modified dislocation v ε is from being an exact solution). Thus, it is important to have careful estimates on this error term, as stated in the following result:
Proof. We have
Next, using the periodicity of W and a Taylor expansion of W atũ i , we compute: x − x j (t) |x − x j (t)| 1+2s = 1 ε 2s u ζ j
x − x j (t) ε − H ζ j x − x j (t) ε + ζ j ε 2s 2sW (0)
x − x j (t) |x − x j (t)| 1+2s C ε κ ε 2s 1 |x − x j (t)| κ Cε κ−2s ϑ −κ ε .
Next, a Taylor expansion of the function x − x j (t) |x − x j (t)| 1+2s around x i (t), gives
x − x j (t) |x − x j (t)| 1+2s − x i (t) − x j (t) |x i (t) − x j (t)| 1+2s 2s |ξ − x j (t)| 1+2s |x − x i (t)| Cε α ϑ −(1+2s) ε , where ξ is a suitable point lying on the segment joining x to x i (t). The last two inequalities imply for j = i (8.15) ũ j (t, x) ε 2s + ζ j 1 2sW (0)
Therefore, from (8.5), we get that If for j = i, |x i − x j | ϑ ε , with ϑ ε > 2ε α , we can assume that there exists i such that for j = i |x − x j (t)| ϑ ε 2 . ε ). Then, if we assume (8.25), from (8.5), we obtain again (8.26).
We have proven (8.11) . Now, we can choose δ = δ ε = o(1) as ε → 0 such that
